for all positive integers a, b, and c, then f is an identity function.
introduction
In 1992, Spiro proved that if a multiplicative function f : N → C satisfies f (p + q) = f (p) + f (q) for all primes p and q, then f (n) = n under condition f (p 0 ) = 0 for some prime p 0 . The term multiplicative function means f (1) = 1 and f (mn) = f (m)f (n) for all coprime m and n.
Since then many mathematicians proposed similar propositions. Fang [7] showed the similar result for f (p + q + r) = f (p) + f (q) + f (r) and Dubickas andŠarka [6] extended those results into f (
Chung [3] classified multiplicative functions satisfying the equation
2 , slightly different from Chung's condition. Many related probelms are found in [2, 4, 9, 5, 11, 10] . We would call these problems
Spiro problems.
In this article, we add a new one to the list of Spiro problems by proving the following theorem.
for all positive integers a, b, and c, then f (n) = n. 
lemmas
First, we compute several values of f (n).
Lemma 2.1. If f satisfies the hypothesis of Theorem 1.1, we have f (n) = n for n ≤ 15 and n = 25. (2), we have that f (2) = 1 or f (2) = 2 from the equation
To determine which value f (2) is we need more relations.
. To find the another relation between f (2) and f (7) consider
From the equation
we can conclude that f (2) = 2 and thus f (4) = 4, f (6) = 6, f (7) = 7, and f (14) = 14.
To find f (5) consider f (27) and f (30). Since
we have f (5) = ±5. On the other hand,
Thus, we have that f (5) = 5.
Since
we have f (25) = 25 and f (50) = 50. Now, to find f (8) consider f (24). Since
we have that f (8) = 8.
Other f (n) can be calculated as follows:
Before completing this section, we introduce a useful lemma, which is due to Hurwitz [8] .
Lemma 2.2 (Hurwitz).
The only squares that are not sums of three nonvanishing squares are the integers 4 s and 25 · 4 s .
Proof of Theorem 1.1
Now consider n > 15. We use induction. Assume that f (k) = k for all positive integers k < n.
If n cannot be represented as a sum of three nonvanishing squares, this means two cases:
(1) if n = a 2 + b 2 + c 2 , then at least one of a, b, c should vanish, or
Consider case (1):
by the induction hypothesis. Since n is assumed to be indivisible by 5, f (25n) = f (25)f (n) = 25f (n) and f (n) = n.
If n = a 2 + b 2 with 1 ≤ a ≤ 2 and 4 ≤ b, then 5a ≤ 10 < n, 3b < 4b ≤ b 2 < a 2 + b 2 = n and thus f (n) = n by the same reasoning.
It is already checked that f (n) = n for a ≤ 2 and b ≤ 3 in Lemma 2.1. Thus, f (5 s ) = 5 s .
We can conclude that
Now we should investigate the case of n = a 2 . By Lemma 2.2 it suffices to check whether f (4 s ) = 4 s . Note that
Thus f (4 s ) = 4 s and we can conclude that f (n) = n for the case (1).
Now consider the case (2): We have that such n is of the form 4 s (8t + 7) with s, t ≥ 0. We may assume n = 8t + 7. Then, since 2(8t + 7) = 8(2t + 1) + 6 can be represented as a sum of three squares of integers, f (2(8t + 7)) = 2(8t + 7) and thus f (8t + 7) = 8t + 7 by dividing f (2) = 2.
From the case (1) and (2) we can conclude that f (n) = n.
